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Abstract
We study spectrum of D = 2 N = (2, 2) QED with N + 1 massive charged
chiral multiplets, with care given to precise supermultiplet countings. In the
infrared the theory flows to CPN model with twisted masses, where we con-
struct generic flavored kink solitons for the large mass regime, and study their
quantum degeneracies. These kinks are qualitatively different and far more
numerous than those of small mass regime, with features reminiscent of multi-
pronged (p, q) string web, complete with the wall-crossing behavior. It has
been also conjectured that spectrum of this theory is equivalent to the hyper-
multiplet spectrum of a certain D = 4 Seiberg-Witten theory. We find that the
correspondence actually extends beyond hypermultiplets in D = 4, and that
many of the relevant indices match. However, a D = 2 BPS state is typically
mapped to several different kind of dyons whose individual supermultiplets
are rather complicated; the match of index comes about only after summing
over indices of these different dyons. We note general wall-crossing behavior of
flavored BPS kink states, and compare it to those of D = 4 dyons.
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1 Introduction
The wall-crossing in four-dimensional supersymmetric theory [1–3] has been a sub-
ject of interests to many string theorists and mathematicians. This phenomenon of
discontinuity in the BPS spectrum across walls of marginal stability, as one changes
either parameters or vacuum expectation value of a theory, has been a source of
enormous difficulty in understanding the detailed structure of theories like N = 2
Seiberg-Witten theories and Calabi-Yau compactified type II string theories.
For BPS states in four-dimensional theories, this phenomenon has been under-
stood in various physical viewpoints,#1 such as from geometric realization of BPS
states in string theory [5,6], from solitonic dynamics [7,8] and quantum bound states
thereof [9,10], from a classical soliton picture of the low energy effective theory [11,12],
and also later from supergravity attractor flow [13]. From the spacetime viewpoint,
the wall-crossing occurs simply because the wavefunction of the BPS state in question
becomes so large (as one approaches a wall of marginal stability) that the state in
question cannot be regarded as a one-particle state anymore [9, 10, 13]. Despite this
simple and compelling physical picture, a systematic and practical approach to the
wall-crossing phenomenon which can cover all part of the moduli space had not been
available.
Recently, there appeared a new remarkable development in this regard. It states
that such discontinuities of spectrum across walls of marginal stability is actually
necessary for the continuity of the vacuum moduli space metric. According to Gaiotto,
Moore and Neitzke (GMN) [14,15], the continuity of the vacuum moduli space metric
of S1-compactified Seiberg-Witten theory implies the so-called Kontsevich-Soibelman
relations [16] among BPS dyons across any given wall of marginal stability, which in
turn tells us how the BPS spectra would change across such walls. Cecotti and Vafa
[17] has recently suggested another interesting explanation of Kontsevich-Soibelman’s
formulae with spin refinement [18], using the partition function of A-model topological
string.
While the derivation by GMN was intended for N = 2 Seiberg-Witten theory, the
idea itself must be applicable to all wall-crossing phenomena. This new machinary is
also important in that for the first time we have a systematic and local prescription
for computing BPS spectrum. Although there were powerful methods which allowed
explicit construction/counting of BPS states in certain regions of the moduli space
[9,10,19,20], this new wall-crossing formula is far more comprehensive in its potential
applications.
This observation that discontinuity of BPS spectra is related to continuity of some
#1See Ref. [4] for a review in the field theory side.
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physical quantity has, on the other hand, a previously known analog in the context
of two-dimensional N = (2, 2) theories. Cecotti and Vafa [21, 22] noted some time
ago that if one assumes continuity of a twisted partition function
F(β;mi) = tr(−1)RRe−βH (1.1)
throughout parameter space of the theory, this necessarily implies (dis-)appearance
of BPS topological kinks across walls of marginal stability. Here R is the fermion
number, and mi’s are the parameters of the theory. The above twisted partition is
in turn related to the natural metric in the parameter space, and obeys the so-called
tt∗ equation [23]. In fact, GMN also noted that some of mathematical structures of
tt∗ equation is very closely mirrored by those that appear in their formulation of the
four-dimensional wall-crossing.
Independent of this, another interesting similarity between D = 4 N = 2 and
D = 2 N = (2, 2) theories was noted in the literature: It has been conjectured [24,25]
that two-dimensional N = 2 QED with N + 1 massive chiral multiplets possesses a
BPS spectrum which is related to that of SU(N+1) Seiberg-Witten theory with N+1
massive flavors at the root of the baryonic branch. In view of the new development
in the Seiberg-Witten theory concerning the wall-crossing, and given its analog in
tt∗ system, it is of some interest to clarify the precise correspondence and potential
differences. In this article, we aim to study the two-dimensional theory with care
given to precise BPS multiplet countings, and compare their wall-crossing phenomena
against that of the Seiberg-Witten theory.
N = (2, 2) QED with N+1 chiral multiplets with twisted masses has been studied
much previously. Initial studies by Hanany and Hori [26] and also by Dorey [24, 25]
concentrated on implications of effective superpotential of the gauge-multiplet and
its similarity to certain Seiberg-Witten spectral curve of D = 4 theory. Later works
[27–31] refined this relationship further by giving physical reasonings, if somewhat
sketchy, for the correspondence and also looked at D = 2 spectrum more closely by
considering massive excitations of simple kink solutions.
In this paper, we expand on these existing works and solve for all possible flavored
kinks. We give precise criteria for existence of such flavored kink states, set up the low
energy dynamics of kinks, count their degeneracies, and provide wall-crossing formula.
This allows a more refined look at the proposed “equivalence” of the spectra. We also
hope that it will provide a playground for understanding wall-crossing phenomena in
D = 2 when conserved charged other than the topological ones are present.
In section 2 and 3, we review the theory and search for all possible kink soliton
solutions. Although kinks are simple and well-known objects, global charge allows
the variety of kink solutions to increase greatly. Apart from simple “dyonic” kinks
whose flavor charge is proportional to the topological charge, there are much more
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flavored kinks whose central charges and stability criteria mimics those of the (p, q)
open string webs [6, 7]. In section 4, we quantize these solitons, elevate them to
quantum BPS states, and count their degeneracy. These BPS states exhibit wall-
crossing behavior, just as open string web does, which we put in the context of general
D = 2 and N = (2, 2) theories following Cecotti and Vafa’s results. In section 5, we
compare this spectra to its conjectured counterpart in D = 4 Seiberg-Witten theory.
Although, the two sides have some common features, essentially due to the open
string web analogy, absence of “angular momentum” in the D = 2 theory leads to
quantitatively different spectra. However, a set of distinct dyons with different quark
contents are mapped to a single type of favored kink; interestingly, if one sum over
the relevant indices of the former, the result matches precisely with the degeneracy
of the flavored kink. We rely on the four-dimensional wall-crossing formula to reach
this conclusion. We close with conclusion.
2 CPN with twisted masses
Let us first summarize basic properties of N = (2, 2) supersymmetric theories in
two dimensions.#2 In particular we discuss the massive representation of N = (2, 2)
SUSY algebra and the CFIV index [21] which effectively counts the short multiplets
only.
supersymmetry algebra The N = (2, 2) superalgebra can read off from the four-
dimensional N = 1 superalgebra via trivial dimensional reduction as{
Q+, Q¯+
}
= 2Z,
{
Q+, Q¯−
}
= −2(P0 − P3),{
Q−, Q¯−
}
= 2Z¯,
{
Q−, Q¯+
}
= −2(P0 + P3) , (2.1)
where the central charge Z is
Z = P1 − iP2 . (2.2)
For later convenience, let us summarize the U(1)R×U(1)A charges of supersymmetric
generators
Q+ Q− Q¯+ Q¯−
U(1)R +1 +1 −1 −1
U(1)A +1 −1 +1 −1
. (2.3)
Here U(1)A symmetry comes from the rotational symmetry SO(2) in four dimensions.
#2Please see Appendix A for fruther notations and conventions.
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In massive theories, one of the two U(1) symmetries are explicitly broken, and
suppose we choose the following basis that preserveq U(1)R
A = 1√
2
(
Q+ +Q−
)
, B = 1√
2
(
Q+ −Q−
)
. (2.4)
Making the central charge Z real via a suitable U(1)A rotation, the supersymmetry
algebra can be recast as{A,A†} = −2(M − Z) , {B,B†} = −2(M + Z) , {A,B†} = 0 , (2.5)
One can therefore conclude that, for massive BPS multiplets, the algebra eventually
is reduced to that of a single fermion oscillator.
CFIV index With this, the index that count BPS multiplets is
Ω = tr
[
(−1)RR
]
. (2.6)
This is a proper index since for long multiplets in Fock vacuum of R-charge f
[f ]⊗ ([1]⊕ [0])2 =⇒ [f + 2]⊕ 2[f + 1]⊕ [f ] ,
the index Ω identically vanishes
Ω = 0 . (2.7)
On the other hand, for generic BPS multiplets
[f ]⊗ ([1]⊕ [0]) =⇒ [f + 1]⊕ [f ] ,
one can have non-vanishing Ω
Ω = (−1)f+1 . (2.8)
The simplicity of D = 2 theory is such that we have only two types of BPS multiplets,
labeled by this sign, which is because of the small supersymmetry compounded by
absence of spin.#3
#3The mirror symmetry, or t-duality in two-dimensional supersymmetric theory, exchanges those
two R-symmetries
U(1)R ↔ U(1)A , Q− ↔ Q¯+ . (2.9)
In the mirror-symmetric dual, the proper index now in turn is defined with U(1)A charge,
Ω = tr
[
(−1)AA
]
.
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2.1 review on massive CPN-model
We consider a two-dimensional supersymmetric QED which flows down to a massive
CP
N -model with twisted masses. It is well-known that the massless CPN -model can
be easily understood as IR limit of a gauged linear sigma model (GLSM) with a
photon field V and N + 1 chiral matter fields φi of unit charge. Introducing the
Fayet-Iliopoulos (FI) parameter r together with theta-angle θ, the Lagrangian takes
the following form
L =
∫
d4θ
[
φ†ie
−2V φi − 1
4e2
Σ¯Σ
]
− Im
[
τ
∫
d2θˆ Σ
]
, τ = −ir + θ
2π
, (2.10)
where i run from 0, 1, .., N . Again, the notations and conventions used here are
introduced in appendix A. For a positive FI parameter r > 0, the supersymmetric
vacuum can be described by∑
i
|φi|2 = r , σ = 0 , (2.11)
which defines a projective space CPN . On the generic point of vacuum moduli space,
the U(1) vector multiplet and chiral mode orthogonal to CPN are combined to a long
multiplet of mass
√
re by the Higgs mechanism. In the IR limit where e2 diverges,
these modes become very heavy so that they decouple from the low-energy dynamics
of the theory. It leads to a N = (2, 2) CPN model.
We will present a simple way to obtain the effective Lagrangian for the above
low-energy theory, N = (2, 2) CPN model. For simplicity, let us first turn off the
theta-angle θ = 0 for a while. Note that we can then rewrite the Fayet-Iliopoulos
(FI) term as
LFI = 2r
∫
d4θ V . (2.12)
The decoupling phenomenon of massive modes in the Higgs phase can be realized
effectively as the vanishing Maxwell term in the limit of e2 → ∞. The low-energy
theory at IR is now governed by the following Lagrangian
L ≃
∫
d4θ
[
φ†ie
−2V φi + 2rV
]
. (2.13)
Here the vector multiplet becomes an auxiliary fields that one can solve out:
δV : r = φ†ie
−2V φi ⇒ V = −1
2
log
( r
φ†iφ
i
)
. (2.14)
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Componentwise, the gauge field, for examples, is determined by
Aµ =
1
2iφ†iφ
i
(
φ†i∂µφ
i − ∂µφ†iφi − iψ¯iσ¯µψi
)
, (2.15)
which implies that above procedure can be understood as supersymmetric version of
solving the Gauss law in GLSM. Inserting the result back into the Lagrangian, one
can finally obtain
LIR = r
∫
d4θ
[
log
(∑
i
φ†iφ
i
)]
. (2.16)
Assuming one of matter fields, say φ0, does not vanish, one can rewrite the above
Lagrangian as
LIR = r
∫
d4θ
[
log
(
φ†0φ
0
)
+ log
(
1 + Z†mZ
m
)]
= r
∫
d4θ
[
log
(
1 + Z†mZ
m
)]
, (2.17)
where we used for the last equality the chirality of φ0. (2.17) is precisely the lagrangian
for the N = (2, 2) supersymmetric non-linear sigma model with target space CPN .
Here chiral superfields zm (m = 1, 2, ..., N) are defined as
Zm =
φm
φ0
, (2.18)
from which one can identify it bosonic and fermionic part as
zm =
φm
φ0
, χm =
1
(φ0)2
(
φ0ψm − ψ0φm) . (2.19)
The model we are eventually interested in is a massive version of this theory. The
so-called twisted masses can be introduced by gauging the flavor symmetry U(N +1)
and give expectation values to the corresponding twisted chiral field Σˆ as
〈Σˆ〉 = diag(〈Σˆ0〉, 〈Σˆ1〉, .., 〈ΣˆN〉) =


m0
m1
. . .
mn

 . (2.20)
These vev acts as mass terms for the chiral multiplets, and can be incorporated into
the Lagrangian as
L =
∫
d4θ
[
φ†ie
−2V φie2〈Vˆi〉 − 1
4e2
Σ¯Σ
]
− Im
[
τ
∫
d2θˆ Σ
]
. (2.21)
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With these twisted masses, there are N + 1 classical discrete vacua in this theory.
They correspond to
σ = mi , |φi|2 = r and φk = 0 , k 6= i (2.22)
for each i = 0, 1, . . . , N . With such discrete set of vacua, various topological kink
solitons are present, which are the objects of our interest. One can show that this
massive theory flows down to
LIRmass = r
∫
d4θ
[
log
(
1 + z†me
2〈Vˆm〉−2〈Vˆ0〉zm
)]
. (2.23)
In this article, we will be classifying and counting BPS multiplets of this theory, with
a care given to quantum degeneracy and wall-crossing in weak coupling regime r ≫ 1
of the sigma model.
The FI parameter r indeed receives the quantum correction at one-loop level,
which leads to the RG running of renormalized FI parameter r(µ)
µ
∂
∂µ
r(µ) = −N + 1
2π
→ r(µ) ≃ N + 1
2π
log
[ µ
Λσ
]
, (2.24)
where Λσ denotes the RG-invariant dynamical scale where the perturbative analysis
breaks down. In order to rely on our analysis in the article, we therefore have to
introduce sufficiently large twisted masses mi
e≫ |mi −mj | ≫ Λσ ,
such that the renormalized coupling r(µ) are frozen in the weak-coupling regime.
On the other hand, the low-energy theory of (2.10) in another interesting parameter
region e ≪ Λ have been explored in [24, 26] to study the BPS states in CPN model
at strong coupling, which will be briefly discussed in section 5. It has been shown
that there is the discrepancy between BPS spectra at weak and strong coupling of the
theory, which strongly implies the existence of curves of marginal stability somewhere
at strong coupling region. Quantum aspects of central charges and strong/weak
coupling marginal stability walls were also recently investigated in Ref. [32, 33].
As emphasized again, we will explore the curves of marginal stability and wall-
crossing phenomena not in strong-coupling regime but in weak-coupling regime.
conserved charges For later convenience, we summarize some conserved charges.
The bosonic part of energy functional of this theory takes the following simple form
E =
∫
dx3
∑
i
[
|D0φi|2 + |D3φi|2 + |σ −mi|2|φi|2
]
. (2.25)
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In the infrared, one can express the energy functional in terms of sigma model vari-
ables as
E = r
∫
dx3
[(1 + z¯ · z)δmn − z¯nzm
(1 + z¯ · z)2
(
˙¯zmz˙
n + ∂3z¯m∂3z
n
)
+
1
(1 + z¯ · z)2
∑
n
|mn −m0|2|zn|2
+
1
(1 + z¯ · z)3
∑
n<p
(mn −mp)2|zn|2|zp|2
(
1 + |zn|2 + |zp|2
)
+
1
(1 + z¯ · z)3
∑
n 6=p 6=q
(mn −mp)(mn −mq)|zn|2|zp|2|zq|2
]
. (2.26)
Introducing the twisted mass terms, flavor symmetry group SU(N + 1) of CPN
model is spontaneously broken down to U(1)N . Those charges are defined by follow-
ing: N U(1) charges can be parameterized by a following N + 1-vector
~Q =
(
Q0, Q1, .., QN
)
, (2.27)
where each component is given by
Q0 = −i
∫
dx3 φ†0D0φ
0 + c.c.
= r
∫
dx3
i
∑
m
(
z¯m∂0z
m − ∂0zmzm
)
(
1 +
∑
m z¯mz
m
)2 , (2.28)
Qn = −i
∫
dx3 φ†nD0φ
n + c.c.
= r
∫
dx3
−i(z¯n∂0zn − ∂0z¯nzn)
1 +
∑
m z¯mz
m
+
z¯nz
n · i∑m (z¯m∂0zm − ∂0z¯mzm)(
1 +
∑
m z¯mz
m
)2 .
Note that the charge components Qi (i = 0, 1, ..N) always satisfy the traceless con-
dition
Q0 +Q1 + .. +QN = 0 . (2.29)
central charge Finally let us recall the expression of central charge Z forN = (2, 2)
massive CPN model. Based on the two-dimensional Witten effect and simple BPS
spectra of (2.23) such as fundamental excitations and kink solutions, central charge
Z takes the following form at weak coupling limit r ≫ 1
Z =
∑
i
mi
(
Qi + τTi
)
, τ =
θ
2π
− ir , (2.30)
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as discussed in [24]. Here T denotes the topological charge associated with kinks.
Because the theory possesses N +1 discrete vacua, T naturally live in the SU(N +1)
root lattice. For a topological kink from vacuum j to vacuum i, our convention is
such that Tj = −1, Ti = 1, and Tk = 0 for k 6= j, i.
The exact expression for central charge Z has also proposed in [26] as
Z =
∑
i
(
miQi +m
i
DTi
)
, miD =W(ei) , (2.31)
where ei are determined by roots of the polynomial equation∏
i
(
x−mi
)− ΛN+1σ =∏
i
(
x− ei
)
= 0 , (2.32)
and W(ei) are given by
W(ei) = N + 1
2π
ei +
∑
i
mi
2π
log
[ei −mi
µ
]
. (2.33)
We will discuss in Section 5 an interesting implication of the exact expression of cen-
tral charge Z in relation to four-dimensional N = 2 supersymmetric gauge theories.
2.2 BPS equations
The supersymmetry transformation for zm can be read off from those of GLSM fields:
for examples, the variation rules for fermions χm are given by
δχm =
1
(φ0)2
(
φ0δψm − δψ0φm)+ · · · , (2.34)
where we suppressed the irrelevant terms in our discussion. The transformation rules
for GLSM fermion fields ψi are given by
δψi = τ 3ǫD3φ
i + ǫD0φ
i − iτ Iǫ(σIφi − φimiI) , (2.35)
where I run form 1, 2. Here we substitute (2.15) for the GLSM gauge fields:
Aµ =
z¯m∂µz
m − ∂µz¯m · zm
2i
(
1 + z¯mzm
) + · · · , (2.36)
and also substitute the following for the GLSM vector scalar σ
σ =
m0 +mnz¯nz
n
1 + z¯mzm
+ · · · , (2.37)
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with mi ≡ (mi)1 − i(mi)2. We dropped again the fermion contribution here, which
are irrelevant in our discussion below.
Inserting the above results (2.35) back into (2.34), BPS solitons of CPN -model
should satisfy the following condition
φ0
(
τ 3ǫD3φ
n + ǫD0φ
n + iτˆmnǫφ
n
)− φn(τ 3ǫD3φ0 + ǫD0φ0) = 0 . (2.38)
where τˆmn is defined as
τˆmn ≡ τ I(mn −m0)I =
(
mn0
m¯n0
)
, mn0 = mn −m0 . (2.39)
2.3 BPS (multi-)kinks
simple BPS kinks Let us first review BPS kinks solutions. Since they are static
particle, the BPS equation (2.38) can be simplifies as
τ 3
(
D3φ
n − znD3φ0 + iτ 3τˆmnφn
)
ǫ = 0 . (2.40)
As referred to appendix for detailed computation, one can show that
D3φ
n − znD3φ0 = r ∂3z
n
√
1 + z¯nzn
, (2.41)
from which one can massage the above BPS equation into[ ∂3zn√
1 + z¯nzn
+ iτ 3τˆmn
zn√
1 + z¯nzn
]
ǫ = 0 . (2.42)
Since
(
τ 3τˆmn
)2
= −|mn0|2, the BPS equation is finally given by
∂3z
n ± |mn0|zn = 0 , zm = 0 for m 6= n , (2.43)
provided that mn 6= mn. The solutions are therefore given by
zn = exp
[
± |mn0|(x3 − x0)
]
. (2.44)
The energy of this configuration saturate a topological energy bound since
E = r
∫
dx3
[ 1
(1 + z¯nzn)2
∣∣∂3zn ∓ |mn0|zn∣∣2 ± |mn0|
(1 + z¯z)2
∂3
(
z¯nzn
)]
≥ −r|mn0|
[ 1
1 + z¯nzn
]
x
3=+∞
x
3=−∞
= r|mn0| . (2.45)
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composite kinks Let us denote a BPS kink which interpolates from mth vacuum
to nth vacuum as nm-kink. Suppose that the phases of two mass-parameters m10
and m20 are aligned as parallel. Without loss of generality, one can set |m20| > |m10|.
Then, the 20-kink can be also understood as a bound state of a 10-kink and a 21-kink:
the BPS equations for 20-kink are
∂3z
1 + iτ 3τˆm10z
1 = 0 , ∂3z
1 + iτ 3τˆm20z
1 = 0 ,
[
τ 3τˆm10 , τ
3τˆm20
]
= 0 , (2.46)
or equivalently
∂3z
1 ∓ |m10|z1 = 0 , ∂3z2 ∓ |m20|z2 = 0 . (2.47)
The solution then turns out to be
z1 = exp
[
± |m10|x3
]
, z2 = exp
[
± |m20|(x3 − x0)
]
, (2.48)
after a suitable choice of the origin. Here x0 parameterizes the relative distance
between constituent BPS kinks. Note that the phase factor of each zm describes
one-parameter degeneracy of such kink solutions, so in fact we can have an arbitrary
complex number multiplying each of z1,2’s. The fact that they have the same energy
can be directly checked. See Appendix A.
Obviously, this can be repeated for other zm’s straightforwardly. When all mn0’s
are aligned in the complex plane, the general solution is
zm = ζmexp
[
± |mm0|x3
]
(2.49)
with arbitrary complex numbers ζm’s which are moduli coordinates of the soliton.
The GLSM σ field (2.37) is useful for describing the general behavior of the kink
solution, which is depicted in Figure 2.1 for this solution. For a finite x0, σ starts
with the vacuum σ = m0, approaches the vacuum σ = m1 (never touches it), and
eventually goes to the vacuum σ = m2 as x
3 increases. This shows that the solution
indeed a sequential sum of 10-kink and 21-kink.
2.4 zero modes
Here we briefly dwell on details of fermion zero mode counting. Bosonic ones were
already noted in previous section: there is one complex bosonic collective coordinate
for each zn kink, provided that all masses mn0 are of the same phase. We will find
below that for each zn kink there is also one complex fermionic zero modes. The
linearized fermion equations of motion are given by
σ¯M
(
DMχ
n +DMz
mΓnmlχ
l
)
= 0 , (2.50)
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x
3
σ
m1
m2
m0
Figure 2.1: Configuration of the GLSM field σ. It implies that the system is placed
in σ = m1 vacuum at x
3 = −∞, and in σ = m2 vacuum at x3 = +∞. The size of the
plateau near m1 is determined by how far 10-kink and 21-kink are separated, which
is in turn determined by certain ratio between ζ1 and ζ2.
with
Γnml = −
δnl z¯m + δ
n
mz¯l
1 + z¯ · z , Γ
n¯
m¯l¯ = −
δn¯
l¯
zm¯ + δ
n¯
m¯zl¯
1 + z¯ · z , (2.51)
where the covariant derivatives are defined as
DMχ
n = ∂Mχ
n + i
(
AˆnM − Aˆ0M
)
χn . (2.52)
Here M run from 0, 1, 2, 3. The twisted mass terms are written as if it is gauge field
along 2, 3 directions, and contributes
σ¯M
(
AˆnM − Aˆ0M
)
= −τˆmn0 = −
(
0 mn −m0
m¯n − m¯0 0
)
. (2.53)
Clearly the derivative ∂M runs only for M = 0, 1.
For simplicity let us again take the example of a double-kink with aligned masses
|m20| > |m10| > 0. The BPS solution in this case was
z1 = ζ1exp
[
|m10|x3
]
,
z2 = ζ2exp
[
|m20|x3
]
.
Recall that, despite its deceptively simple appearance, the solution should be viewed
as a combination of two kinks, one from 0 to 1 and another from 1 to 2, which will
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interact with each other when one begins to move them around. The fermionic zero
modes in this background are equally simple and deceptive. There are exactly one
zero mode for each χ, and we find (in the limit of ζ1 = 0)
χ10 = e
|m10|x3ǫ0
χ20 = e
|m20|x3ǫ0 . (2.54)
with the constant spinor obeying iτ 3τˆm20ǫ0 = −|m20|ǫ0.
The Goldstino mode, in the limit |ζ1| ≪ 1, is the combination χ1,2 = ζ1,2e|m10,20|x3ǫ0,
quantization of which endows the soliton with the basic BPS multiplet structure. The
other combination is more interesting. This is a superpartner to the nontrivial bosonic
moduli of the kinks that encodes relative separation and mutual interaction of 10-kink
and 21-kink. We will come back to them later when we search for quantum spectrum
of flavored kinks.
3 Flavored kink solitons and marginal stability
Since the theory has U(1)N flavor charges, BPS objects may carry both topological
and flavor charges. A kink with generic flavor charge will be called flavored kinks.
We present in this section the explicit construction of flavored kink solitons together
with preliminary discussion on their marginal stability behavior. An important fact
here is that these generic flavored kinks appears only when the mass parameters of
the theory is misaligned, i.e., when they are no longer lined up in the complex plain.
This is analogous to (dis-)appearance of generic dyons in D = 4 N = 2 SYM and also
of 1/4 BPS dyons in D = 4 N = 4 SYM, depending on how the vacuum expectation
values of adjoint scalar fields are aligned or misaligned.
In order to investigate the dyonic spectrum of the two-dimensional CPN model,
let us introduce the time-dependence on the phase factor of sigma model fields zm.
Then, the BPS equation (2.38) can be rewritten as
τ 3
(
D3φ
n − znD3φ0 + iτ 3τˆmnφn
)
ǫ+
(
D0φ
0 − znD0φn
)
ǫ = 0 . (3.1)
Inserting (2.36) into the above equation, one can show that flavored kinks should
satisfy the following
[
τ 3
∂3z
n√
1 +
∑
m z¯mz
m
+ iτˆmn
zn√
1 +
∑
m z¯mz
m
+
∂0z
n√
1 +
∑
m z¯mz
m
]
ǫ = 0 . (3.2)
14
mE
mE
m10 m10
mM
mM
??? ???
Figure 3.1: For a simple flavor kink, the mass parameter ~m10 can be decomposed into
arbitrary two orthogonal vectors ~mM and ~mE. For (a), mM lies on the right hand side
of m10 while for (b) mM lies on the left hand side of m10.
3.1 simple flavored kinks
Let us again review simple flavored kink solutions whose topological charge and flavor
charge are parallel [24]. In this case, without loss of generality, one can turn off all
complex field zn expect one, say z1.
Then, the above BPS equations (3.2) can be simplified as(
∂0z
1 + iτˆE
)
ǫ+ τ 3
(
∂3z
1 + iτ 3τˆM
)
ǫ = 0 , (3.3)
where τˆE,M are defined by
τˆE + τˆM = τˆm10 . (3.4)
In order to have solutions to this equation, we have to demand the projectors τˆE,M
to satisfy the following compatibility condition[
τˆE, τ
3τˆM
]
= 0 . (3.5)
One can easily find a family of solution, parameterized by
τˆE = ~τ · ~mE , τˆM = ~τ · ~mM , (3.6)
where vectors ~mE and ~mM are orthogonal decomposition of ~m10 as depicted in figure
3.1.
For the case (a), the flavored kink solution is
z1 = exp
[
± |mM|x3 ± i|mE|t
]
, (3.7)
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For the case (b), the flavor kink solution is instead given by
z1 = exp
[
± |mM|x3 ∓ i|mE|t
]
. (3.8)
Without loss of generality, let us concentrate on the case (a). Some conserved charges
of the simple flavored kink solutions are in order.
flavor charge For a simple flavored kink, the nonvanishing flavor charges (2.28)
are
Q1 = −Q0 = ±r
∫ +∞
−∞
dx3
|mE|
2cosh2(|mM|x3)
= r
|mE|
|mM| . (3.9)
energy For the simple flavored kinks, the energy functional (2.26) can be massaged
into a sum of complete squares like
E = r
∫
dx3
1
(1 + |z1|2)2
[∣∣∂3z1 ∓ |mM|z1∣∣2 + ∣∣∂0z1 ∓ i|mE|z1∣∣2
∓|mE|i
(
z¯1∂0z
1 − ∂0z¯1z1
)± |mM|∂3(z¯nzn)
]
≥ ∓|mE|Q0 ∓ r|mM| 1
1 + z¯nzn
∣∣∣∣
x
3=+∞
x
3=−∞
= ±r|m10|
2
|mM| , (3.10)
where we used |mM|2 + |mE|2 = |m10|2. Since
Z = −m10Q0 + irm10 = r |m10||mM|e
iϕm10
(− |mE|+ i|mM|) = r|m10|2|mM| eiϕmE , (3.11)
the solutions are indeed BPS with E = |Z| .
3.2 composite flavored kinks and marginal stability
It has been noted previously that the solitonic sector of this D = 2 QED has some
features reminiscent of certain D = 4 Seiberg-Witten theory, where the topological
charge and the flavor charges are mapped to the magnetic charge and the electric
charges, respectively. On the other hand, dyonic solitons in the N = 2 supersym-
metric gauge theories in four dimensions are such that magnetic and electric charges
are generically not parallel [6,7]. This is in turn related to existence of multi-pronged
strings in string theory.
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These class of D = 4 BPS states are useful in that one can study the issue of
marginal stability in weakly-coupled regime of the theory. In this subsection, we will
look for their analog in D = 2 theory, considering flavored kinks whose topological
and flavor charge are not parallel misaligned, and discuss their marginal stability
briefly. In section 4, their quantum spectrum and wall-crossing phenomena will be
explored in more details.
For simplicity, let us first assume that
z1 = z1(x3, t) , z2 = z2(x3) , zm = 0 for m 6= 1, 2 . (3.12)
For this ansatz, the BPS equation (3.2) can be rewritten as[
∂3z
2 + iτ 3τˆm20z
2
]
ǫ = 0 ,[
τ 3∂3z
1 + ∂0z
1 + iτˆm10z
1
]
ǫ = 0 . (3.13)
Guided by the previous example of simple flavored kink, let us rewrite the second
equation into the following form
τ 3
[
∂3z
1 + iτ 3τˆmMz
1
]
ǫ+
[
∂0z
1 + iτˆmEz
1
]
ǫ = 0 , τˆE + τˆM = τˆm10 . (3.14)
In order to find out half-BPS solutions, we therefore have to demand three projectors
to commute to each other[
τ 3τˆm20 , τ
3τˆmM
]
= 0 ,
[
τ 3τˆmM , τˆmE
]
= 0 ,
[
τ 3τˆm20 , τˆmE
]
= 0 . (3.15)
One can again easily parameterize the solutions of the above relations as
τˆE = ~τ · ~mE , τˆM = ~τ · ~mM , (3.16)
where vectors ~mE and ~mM are depicted in figure 3.2. The BPS solutions of interests
are
z1 = exp
[
|mM|x3 + i|mE|t
]
, z2 = exp
[
|m20|(x3 − x0)
]
, (3.17)
after a suitable choice of origin of x3.
flavor charge and marginal stability For the above solution, the flavor charges
(2.28) are
Q0 = −2r|mE|
∫ +∞
−∞
dx3
|z1|2(
1 + |z1|2 + |z2|2)2 ,
Q2 = −2r|mE|
∫ +∞
−∞
dx3
|z1|2|z2|2(
1 + |z1|2 + |z2|2)2 ,
Q1 = −Q0 −Q2 . (3.18)
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Figure 3.2: (a) Schematic diagram for decomposition of the mass parameter ~m10. Let
us denote the relative angle between two mass parameters m10 and m20 by θ. By
definition, ~mM is parallel to ~m20. We are considering cases where |~mM| < |m20|. (b)
Each node denotes the vacuum of the theory, i.e., grey for σ = m0, red for σ = m1
and green for σ = m2. The solid lines schematically describe the GLSM σ field. It
somehow parallels with the four-dimensional picture of pronged strings where each
node represents the D3-brane and solid line denotes the (p,q)-string. In section 5,
the parallel between D = 2 sigma models and D = 4 gauge theories will be discussed
in more details.
When we place the mass parameter m10 on a so-called wall of marginal stability, as
depicted in figure 3.2 (b), the relative distance x0 diverges such that the 20-flavored
kink decays into two constituent 10- and 21-flavored kinks. This is an underlying
physical reason for the phenomenon of wall-crossing. At wall-crossing, one can easily
show that the GLSM field σ actually turn touches the vacuum σ = m1, as described
in figure 3.2 (b).
For classical soliton whose flavored charges are not quantized, this can be viewed
backward as a process where the flavor charges are increased until the kink solution
decompose into two. This “maximal” or “critical” flavor charge can can be read off
from the solution as
Qcr0 ≃ −r tan θ , Qcr2 ≃ −r tan θ˜ , Qcr1 ≃ +r
(
tan θ + tan θ˜
)
. (3.19)
With quantized (and thus fixed) flavor charges, we can use this formula to determine
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the critical values of θ and θ˜, which in turn determine the marginal stability wall for
breaking this soliton to a simple flavored 10-kink and a simple flavored 21-kink.
central charge As discussed before, the central charge of the present model can
take the following form
Z =
∑
n
mn
(
Qn + τTn
)
, τ =
θ
2π
− ir . (3.20)
For the composite flavored kinks, the central charge Z20 can be decomposed into
those of constituent particles, say
Z20 = Z10 + Z21 , Z10 = −m10Q0 + τm10 , Z21 = +m21Q2 + τm21 . (3.21)
On the wall of marginal stability where the flavor charges take their critical values
~Qcr, the central charges of constituent particles become
Z10 = m10
(
+ tan θ − i) ,
Z21 = m21
(− tan θ˜ − i) . (3.22)
Note that, on the wall of marginal stability, the phases of two mass-parameters satisfy
the relations below
θ + θ˜ = ϕm21 − ϕm10 ,
from which one can conclude that phase difference between Z10 and Z21 is
arg
(
Z21
)− arg(Z10) = −θ˜ − θ + ϕm21 − ϕm10 = 0 ! (3.23)
As expected, we find that phases of the two central charges Z10, Z21 coincides at the
marginal stability wall.
4 Quantum BPS states and wall-crossing
4.1 low energy interactions of kinks
In this section, we construct and count quantum BPS states of topological kinks with
flavor charges, by studying the low energy interactions of simple kinks. When mi0 are
all of same phase, each kink carries one complex bosonic moduli, and their moduli
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space is naturally Ka¨hler. The holomorphic coordinates ζ i’s are defined in terms of
the soliton solution as
zi = emi0x
3 · emi0xi+iθi ≡ emi0x3ζ i . (4.1)
The moduli space dynamics is obtained by taking time-dependence of the form ζ i(t)
with small velocity as usual. The Ka¨hler potential is found by integrating the field
theory kinetic term as [38]
K
(
ζ¯ , ζ
)
=
∫
dx3 K(z¯, z) ,= r ∫ dx3 log[1 +∑
i
e2mi0x
3
ζ¯iζ
i
]
, (4.2)
from which the moduli space metric follows
gij¯
(
ζ i, ζ¯i
)
= r
∫
dx3
[
e2mi0x
3
δji
1 +
∑
k e
2mk0x3 ζ¯kζk
− e
2(mi0+mj0)x3 ζ¯iζ
j(
1 +
∑
k e
2mk0x3 ζ¯kζk
)2
]
. (4.3)
Here let us first concentrate on CP2 model, from which we can read off the indices of
all BPS states following an argument of type found in Ref. [19].
For the moment, let us further assume m20 = 2m10. This causes two different
restrictions on the mass parameters for our purpose. One is the special ratio between
the two absolute values, which is harmless in counting supersymmetric states. The
other, namely alignment of the two phases, pose a physical restriction to the spectrum.
We will shortly abandon the latter.
The moduli space metric is then compactly written as
g = gcom + grel , gcom =
r
4m
∣∣∣dlogζ2∣∣∣2 , grel = r
4m
F (|ζ1|4/|ζ2|2)
∣∣∣∣∣d ζ
2
ζ12
∣∣∣∣∣
2
,
with
F (1/w) =
1
w(1− 4w) +
2
(1− 4w)3/2 log
(
1−√1− 4w
1 +
√
1− 4w
)
, (4.4)
for 4w < 1 and
F (1/w) = − 1
w(4w − 1) +
4
(4w − 1)3/2 tan
−1
(√
4w − 1) , (4.5)
for 4w > 1. This shows that ζ2 plays the role of the center of mass coordinates, while
ζrel ≡ ζ1/
√
ζ2
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plays the role of the relative coordinate. It is important for a later purpose to note
that in the limit of |ζrel| → ∞ grel is reduced simply to
grel ≃ r
m
∣∣∣∣dζrel/ζrel
∣∣∣∣
2
. (4.6)
On the other hand, in the limit of ζrel → 0, we have
grel ∼
∣∣dζrel∣∣2 . (4.7)
so ζrel is itself a good coordinate near origin where the two kinks coincides in real
space.
The phases θ1,2 of ζ1,2 are each 2π-periodic and turning on their (integral) mo-
menta corresponds to turning on U(1) flavor charges of type qi0 = qi − q0; qi is the
charge of i-th diagonal unbroken favor group. Defining the phase of ζcm as θcm and
ζrel as ϕ, we find
θcm = θ
2, ϕ = θ1 − θ
2
2
, (4.8)
and thus
q10 = q, q20 = qcm − q
2
, (4.9)
where qcm and q are conjugate momenta of θcm and ϕ. The actual flavor charge for
these are
(q0, q1, q2, . . . ) = (qcm − q/2, q,−qcm − q/2, 0, 0, . . . ) . (4.10)
Note that q is integral while qcm should be integral or half-integral depending on
whether q is even or odd. Such a correlation between relative and center of mass
charges is common, and here due to the identification
(θcm, ϕ) ∼ (θcm + 2π, ϕ− π) . (4.11)
The total moduli space has the form
R× [0, 4π]×M2
Z2
, (4.12)
where the relative moduli spaceM2 has a topology of R2 and where Z2 acts as (4.11).
The center of mass phase and the quotient action depends on the masses of individual
kinks, in general.
Such a charge state, say with qcm = 0, precisely corresponds to the classical
solution we find in the previous section with q = QE . As we saw there, however, a
flavored kink states of this kind do not appear unless some of the twisted masses are
misaligned in the complex plane. On the other hand, with such misaligned masses, the
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Figure 4.1: The profiles of attractive scalar potential in the moduli space dynamics
of two-kinks system, induced by tension of composite kinks.
composite kink for which we obtained the moduli dynamics is no longer a solution to
the equation of motion unless ζrel = 0. With m20 = 2mM > 0 and m10 = mM + imE,
the relative moduli space makes sense only if mE = 0 while the flavored kinks appears
only if mE 6= 0.
These two issues are in fact tied together. Whenever mE 6= 0, unflavored 20-kink
configuration costs more energy than the central charge bound and this extra energy,
∆E = r|mE|2
∫
dx3
|z1|2(1 + |z2|2)(
1 + |z1|2 + |z2|2)2 , (4.13)
should be interpreted as a potential in the two-kink moduli space dynamics.
With m20 = 2mM ≡ 2m, we find
∆E = r|mE|
2
m
|ζ2|2
|ζ1|4F (|ζ
1|4/|z2|2) = m
2
E
2
grel
(
∂
∂ϕ
,
∂
∂ϕ
)
(4.14)
Thus, the bosonic part of relative moduli space dynamics must be modified to
Lrel =
1
2
(grel)µν y˙
µy˙ν − 1
2
m2E(grel)µνK
µKν (4.15)
where
K =
∂
∂ϕ
. (4.16)
happens to be a holomorphic Killing vector field on the moduli space.
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This potential energy on the moduli space ∆E , depicted in figure 4.1, shows
physical separations between simple kinks are no longer a moduli degree of freedom,
since it generates an attractive force between the two kinks. On the other hand,
when the conjugate momentum q of ϕ is turned on, this induces a repulsive angular
momentum barrier between the two kinks. For finite relative charge q, then, one can
generically expect flavored two kinks states with the relative position determined by
the balance of these two forces. The amount of the flavor charge, the mass parameter
mE, and the size of ζrel are all interrelated, which was shown implicitly in the classical
analysis of section 3.
More generally, we may consider L0-kink dynamics, regarded as a collection of
10-kink, 21-kink,32-kink etc, with
mp0 = m
(p)
M + im
(p)
E
for p = 1, 2, ..., L − 1 and 0 < m(1)M < m(2)M < · · · < m(L−1)M < mL0. The above
Lagrangian generalizes to
Lrel =
1
2
(grel)µν y˙
µy˙ν − 1
2
(grel)µν(m
(p)
E K
µ
p )(m
(q)
E K
ν
q ) , (4.17)
whereKp’s are linear combinations of holomorphic Killing vector fields, induced by
flavor U(1) rotations on the soliton.
4.2 counting generic BPS states
This form of moduli dynamics with potential has well-known supersymmetric exten-
sions, provided that K is a Killing vector field. Such massive nonlinear sigma-model
mechanics first appeared with complex supersymmetry in a work by Freedman and
Alvarez-Gaume [39], while the form of relevance for us was found more recently in
the context of BPS dyons of the Seiberg-Witten theory [4,10,40]. In this subsection,
let us outline this modified moduli dynamics and solve for flavored BPS multi-kink
states explicitly. See appendix B for a short review.
Without the potential, the moduli dynamics of the kinks would be the ordinary
nonlinear sigma model where the real fermions match 1-1 with real bosons. Therefore
the supercharge in question can be understood geometrically as the spinorial Dirac
operator on the moduli space,
Q = iΓI∇I , (4.18)
where ∇I ’s are the covariant derivative with ordinary spin connection and ΓI ’s the
Dirac matrices.
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The addition potential energy shifts this supercharge. With general L-kink case,
the supercharge is shifted as
Q = ΓI(i∇I +∑
p
m
(p)
E K
p
I
)
. (4.19)
Taking square of this supercharge, one finds
{Q,Q} = H−Z , (4.20)
where the central charge (to be distinguished from Z of the field theory) is defined
via Lie-derivatives
Z = −i
∑
p
m
(p)
E LKp , (4.21)
with respect to the Killing vectors, whose action is part of the global U(1)N flavor
rotations acting the kinks.
Since the BPS state must saturate the boundH−Z = 0, the search for BPS states
in any given kink sector boils down to finding zero modes of Q on the moduli space.
This task is in principle very complicated. However, one can reduce counting problem
to that of two-body problems, at least for the index of such quantum mechanics.
With mE 6= 0, the operator H−Z has a massgap which separate the continuum
from the ground state. Such operators are called Fredholm operators, for which usual
index theorem applies; one simply choose to scale up the values of ap’s, thus increasing
the mass gap indefinitely, while keeping the index unaffected. This localizes the index
computation to the fixed points of the vector fields Ka’s. Once this happens, the
counting problem becomes that of harmonic oscillators and factorizes into minimal
units with two bosonic and two fermionic coordinates [19]. The latter is a two-kink
problem, so it suffices to count BPS bound states in a two-kink problem in order to
compute index for arbitrary multi-kink states.
For flavored 20-kink state problem, we have seen that the supercharge reduces to
Q = ΓI(i∇I +mEKI) , (4.22)
when m20 = 2m and m10 = m+ imE with real m and real mE . The Hamiltonian is
nonnegative and has the general form
H = 1
2
(grel)µν
(
πµπν +m2EK
µKν
)
+ · · · , (4.23)
where the ellipsis denotes terms involving fermions and πµ’s are the canonical conju-
gate momenta of the moduli coordinates y’s.
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With ζrel = e
ρ+iϕ, the metric forM2 is
grel = f(ρ)
2
(
dρ2 + dϕ2
)
, (4.24)
where
f(ρ)2 ≡ 2r
m
e−4ρF (e4ρ) . (4.25)
In the relevant orthonormal frame,
eρˆ = f(ρ)dρ , eϕˆ = f(ρ)dϕ , ωϕˆρˆ =
∂ρf(ρ)
f(ρ)
dϕ , (4.26)
the supercharge reduces to
Q = Γρˆ 1
f(ρ)
[
∂ρ +
1
2
∂ρf(ρ)
f(ρ)
+ iΓρˆϕˆ
(
q −mEf(ρ)2
)]
, (4.27)
in the charge q sector, that is, when −i∂/∂ϕ → q. A supersymmetric state in this
sector has the central charge qmE , which must be saturated by the nonnegative
Hamiltonian. Thus, a BPS bound state is possible only if qmE ≥ 0.
Denoting two chiral components of Ψ under iΓρˆϕˆ by u±, the zero-mode solves
∂ρ
[√
f(ρ)u±
]± (q −mEf(ρ)2)[√f(ρ)u±] = 0 , (4.28)
from which one can obtain one and only one normalizable solution
u− =
u0√
f(ρ)
eiqϕexp
[ ∫ ρ
ρ0
dρ′
(
q −mEf(ρ)2
)]
, (4.29)
whenever
0 ≤ q < qcr = mEf(∞)2 = 2r |mE|
m
(4.30)
The upper bound comes from the asymptotic normalizability while the lower bound
is required by normalizability at origin (ρ→ −∞),
u− ≃ u0
(
8m
rπ
) 1
4
e(q−1/2)ρ+iqϕ exp
[
− r|mE|π
16m
e2ρ
]
. (4.31)
Although q = 0 wavefunction is mildly singular at origin, it is still normalizable.#4
#4Note that the upper bound on the electric charge is precisely the critical charge obtained from
the classical construction of flavored composite dyons in the section 3
qcr = Q1 = −(Q0 +Q2) = r
(
tan θ + tan θ˜
) ≃ 2r |mE|
m
. (4.32)
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In summary, we found exactly one flavored bound state of the 10-kink and 21-
kink for each integral relative charge q from 0 up to qcr = 2r|mE|/m and for arbitrary
half-integral (odd q) or integral (even q) qcm. Each of such bound states complete
into a BPS multiplet, thanks to the Goldstino mode. These flavored kinks become
unstable against decay to a pair of simple flavored kinks (10- and 21) when the mass
parameters are changed such that the critical relative charge qcr becomes smaller or
equal to q.
Index computation for more general flavored multi-kink states follows immedi-
ately. As argued above, the problem factorizes into several two-body problems. We
consider general flavored L0-kink, viewed as bound state of 10-kink, 21-kink, 32-kink,
etc. For the p-th pair, there is one “relative” flavor charge q(p). When this charge
obeys the conditions,
0 ≤ |q(p)| < q(p)cr (mi0) and 0 < m(p)E q(p) , (4.33)
the above two-body result tells us that the index is unit. The total index for this
L-body problem is a product of all such two-body indices, so we learn finally that
Ω = (−1)f , (4.34)
where f is the R-charge of the soliton, provided that (4.33) is satisfied for all p =
1, 2, . . . , L− 1. Otherwise
Ω = 0 , (4.35)
which we will take as an evidence that the corresponding BPS does not exist.
4.3 wall-crossing
After lengthy computations, we finally arrive at wall-crossing issues at large mass
limit of this massive D = 2 QED. Since q
(p)
cr ∼ rm(p)E /mL0, there is a wall of marginal
stability for these flavored kink at rm
(p)
E /mL0 ∼ q(p), details of which would follow
once we compute the metric and the potential on the moduli space. This is a tedious
but straightforward exercise. For us, it suffices to know that these walls of marginal
stability are determined by r and q’s, and they extend to the asymptotic region of
large r. Across any such a wall, the flavored multi-kink states break into a pair of
smaller flavored multi-kink states, such as L0-kink interpolating between 0 vacuum
and L vacuum breaking up into a flavoredK0-kink and a flavored LK-kink. The latter
two objects exist on both side of this particular wall, so the jump in the spectrum is
only for the bound state, and we have the simple jumping formula
|∆Ω| = 1 . (4.36)
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As we saw in section 2, the marginal stability wall is, as always, defined by the
phase alignment of the two central charges of the flavored K0-kink and the flavored
LK-kink.
In fact, this simple wall-crossing formula is a special case of general wall-crossing
where we are considering bound states of two BPS particles with unit degeneracy.
For this, let us review a result from [21]. They defined a twisted partition function
of D = 2 field theories as
F(β;mi) = lim
l→∞
iβ
l
tr(−1)RRe−βH , (4.37)
where l is the regulated size of the spatial line. Alternatively this may be thought
of as expectation value of R when the theory is defined on S1 × R1 with Euclidean
signature and periodic boundary condition on S1. A single-particle BPS state, Z,
contributes
FZ = iβ(−1)f
∫
dp
π
e−β
√
p2+|Z|2 =
i(−1)f
π
∫
dµ β|Z| coshµ e−β|Z| coshµ , (4.38)
with the rapidity µ = sinh−1(p/|Z|). Note that, as we vary the parameters of the
theory, wall-crossing will occur somewhere and this contribution from single particle
BPS states will have to be disappear in a discontinuous manner.
On the other hand, Ωˆ also receives contributions from many particle sectors. In
particular, with the decomposition of the central charge as, Z = Z1 + Z2, the two-
particle contribution is of some interests. Following Cecotti et.al., we also finds that,
when the pair of BPS states Z1,2 backscatter,
#5 there is a contribution from the
two-particle sector of the type
FZ1+Z2 =
d1d2
i(−1)f1+f2
4π2
∫ ∫
dµ1dµ2 β (|Z1| coshµ1 + |Z2| coshµ2) e−β(|Z1| coshµ1+|Z1| coshµ1)
× ∂
∂µ1
log (sinh(µ2 − µ1 + iǫ)/ sinh(µ1 − µ2 + iǫ)) , (4.39)
where 2ǫ = Im log(Z2/Z1) and d1,2 are the number of such BPS supermultiplets of
central charge Z1,2.
#5Even in D = 2 what one means by forward-scattering and backward-scattering can be somewhat
ambiguous when particles can change species. However, we are mostly interested in situations when
two particles in question are clearly distinct, with different masses for example, so that the particles
are unambiguously labeled. In this context, backscattering means the sign flip of the relative rapidity
before and after.
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Recall that the wall of marginal stability would be at ǫ = 0 where the two central
charges line up in the complex plane. Because of the logarithm, the two-particle
expression FZ1+Z2 also has a discontinuous imaginary part, and in fact
lim
ǫ→0±
FZ1+Z2 = ±d1d2
FZ
2
, (4.40)
so that
lim
ǫ→0+
FZ1+Z2 − lim
ǫ→0−
FZ1+Z2 = d1d2FZ . (4.41)
Although individual contributions are discontinuous, the twisted partition function Ωˆ
itself can be continuous provided that Z state exists as a one-particle BPS state only
on the ǫ < 0 side. The continuity of the twisted partition function seems reasonable,
and this would then imply a rather general wall-crossing behavior. Assuming such a
continuity of F , and since Ω(Z1,2) = (−1)f1,2d1,2, we the find the general wall-crossing
formula across Z → Z1 + Z2 walls of marginal stability,
∆Ω(Z) = ±Ω(Z1)Ω(Z2) . (4.42)
For flavored domain walls in the massive CPN theory, we found |∆Ω(Z)| = 1, which
is easily explained by this wall-crossing formula, since elementary excitations and
simple kinks all have unit index, |Ω| = 1. Building more complicated flavored kinks
out of them can only generate flavored kinks with |Ω| = 1 because the wall-crossing
formula (4.42) is so simple.
Wall-crossing in D = 2 was originally studied by Cecotti and Vafa for purely
topological kinks [22]. For this case, the central charges simplifies as differences of
“canonical coordinates” which in our case are simply the masses miD ≃ τmi, and F
can be explicitly solved using the tt∗ equations [23]. Introduction of flavor charges to
the kink should modify the latter approach somewhat, if not drastically, which will
appear elsewhere.
5 D = 4 N = 2 SU(N + 1) with flavors
This two-dimensional QED shows certain features reminiscent of the Seiberg-Witten
theory of four dimensions. This was first noted by Hanany and Hori [26] who found
that the renormalization of the FI parameters τ = −ir + θ/2π and the asymptotic
form of the four-dimensional τSW have a close resemblance. This was taken up later
more seriously by Dorey [24] who argued that the spectrum of this theory is related
to that of SU(N + 1) Seiberg-Witten theory with N + 1 flavors of masses mi. The
correspondence was supposed to be precise at the root of the baryonic branch where
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the vacuum expectation values of the Seiberg-Witten scalars match with the quark
masses. This conjecture was further extended by Dorey, Hollowood, and Tong [25].
The most compelling reason for this conjecture comes from the exact central
charge (2.31) of the BPS states, obtained from effective superpotential W(Σ) after
integrating over all chiral multiplets of (2.21) in the parameter region e≪ Λσ. In [26],
it has been pointed out that the periods miD − mjD (2.33) are in perfect matching
with those of the Seiberg-Witten curve at baryonic root of the corresponding D = 4
N = 2 SU(N + 1) gauge theory with massive N + 1 quarks.
This latter observation, strictly speaking, tells us only that the set of central
charges in the two theories may coincides, not necessarily the actual particle content.
Nor does not say much about degeneracies of general BPS states on the two sides.
Yet, one may go a bit further and hope that at least hypermultiplets of Seiberg-
Witten theory may match against D = 2 spectra, since these can be potentially
massless somewhere in the moduli space (or parameter space for D = 2) and can be
associated with singular structure of the latter. This is precisely the conjecture of
Dorey and his collaborators.
Now that we found a very rich spectrum of flavored kinks, counted their degen-
eracy, and found the wall-crossing behavior, let us come back to this conjecture and
see how it lives up to its promise. In generic Seiberg-Witten theory of rank large
than one, typical BPS dyons are not in the hypermultiplet. Rather they come with
large angular momentum which is already evident in the classical soliton solutions.
As we will see below, under the proposed correspondence between D = 2 QED and
the Seiberg-Witten theory, a typical flavored kink we found would be mapped to such
dyons with high angular momenta. Let us explore to what extent and in what sense
there might be an“equivalence” of BPS spectra of the two theories.
Recall the central charge of Seiberg-Witten theory,
ZSW = ~aD · ~Qm + ~a · ~Qe +
∑
f
mfSf . (5.1)
In the asymptotic region, we have ~aD = τ4D~a. For SU(N + 1) theory with N + 1
fundamental hypermultiplets, we have a special point where ai = mf=i, where the
central charge simplifies to
ZSW = τ4D ~m · ~Qm + ~m · ~Qadje +
∑
(mi −mj)Q˜ij . (5.2)
Qadje denotes electric charges in the adjoint root lattice and the combined contribution
from the matter multiplet
Q˜ = S +Qmattere (5.3)
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effectively lives in a SU(N+1) root lattice, which explains why we wrote the last term
in Eq. (5.2) as mass differences. For “unit” magnetic charges, we have the following
mapping from D = 4 theories,
Qm → T ,
Qadje + Q˜ → Q ,
τ4D → τ = θ
2π
− ir ,(
~a,~aD
) → (~m, ~mD) , (5.4)
to D = 2. Note that Q’s we found are always in the root lattice which is achieved
on the left hand side by mixing of SU(N + 1) color weights and SU(N + 1) favor
weights at this special point in the Seiberg-Witten moduli space This map forms the
basis of the conjectured equivalence of BPS spectra on the two sides. Writing the
root system of SU(N + 1) as collection of ei − ej with 0 ≤ j < i ≤ N , and mapping
the D = 2 central charge to this, we see that the ki-kink corresponds to a magnetic
root of ek − ei whereas jl flavor charge maps to either a (el− ej)-vector meson, or an
ej colored quark of l-th flavor (or vice versa).
Finally, the relevant index for D = 4 N = 2 theory is the second helicity trace.
ΩSW = −2 tr(−1)FJ23 . (5.5)
which counts various BPS multiplets with some weights. Actual values are
ΩSW ([s]spin ⊗ [half Hypermultiplet]) = (−1)2s(2s+ 1) , (5.6)
where the first factor denotes the angular momentum multiplet under the SO(3) little
group, denoted by its spin. For example, a charged vector gives −2.
5.1 BPS dyons in pure SU(N + 1) and wall-crossing
What are known in literature about such a large-rank Seiberg-Witten theory come
from weak coupling analysis, that is, in the limit of large vacuum expectation values.
[?] In this regime, the low energy dynamics of monopoles are easily set up and reliable
for general N = 2 theories. In particular, dyons in pure SU(N + 1) theory whose
magnetic charge is a (dual) root, as opposed to arbitrary linear combinations thereof,
are completely classified and counted by Stern and Yi [19]. Let us summarize their
result first.
As in D = 2, an ordering is possible when the adjoint vacuum expectation values
ai = mi almost line up in the complex plane. By overall U(1) rotation, we can take
them to be almost real, such that
Rem0 < Rem1 < · · ·RemN , (5.7)
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as we did in the previous sections for D = 2 theory. Without loss of generality, take
dyons of magnetic charge eL − e0. With the above ordering of vev’s, electric charges
of dyons are restricted as
−
(
k +
∑
n(p)
2
)
e0 + n
(1)e1 + n
(2)e2 + · · ·+ n(L−1)eL−1 +
(
k −∑n(p)
2
)
eL , (5.8)
with integers k and n(p)’s correlated such that the coefficients of eL,0 are also integral.
For a BPS dyon of such a charge to exist, the charges must obey the inequalities
n(1) × Imm1 > 0, n(2) × Imm2 > 0, . . . , n(L−1) × ImmL−1 > 0 , (5.9)
and also that the individual electric charge does not exceed the critical value, which
goes as
|n(p)| < 8π
2
e3
∑
q
µ−1pq Imm
q , (5.10)
where the matrix µ is a reduced mass matrix defined in terms of Remq’s. See Ref.
[4, 19]
When these conditions are satisfied, the degeneracy is known [19]. Furthermore,
the angular momentum content is also not difficult to find, and the end result is that
the dyon is in the following multiplet,(
⊗p
[ |n(p)| − 1
2
])
⊗ [half Hypermultiplet] . (5.11)
Note that the dyon appears not as a single supermultiplet but rather as a sum of
many supermultiplets with spins up to (
∑ |n(p)| − L+ 1)/2. The index Ω2 of such a
dyon is
ΩSW = (−1)
∑
n(p)−L+1
∏
p
|n(p)| . (5.12)
In fact, the computation of BPS bound states for kinks of previous section is modeled
after the computation here. This result was later reproduced by Denef from more
stringy viewpoint [20].
Recently a startling proposal by Kontsevich and Soibelman (KS) [16] was given
for all wall-crossing behavior of D = 4 N = 2 theories, which seems to fit all known
examples of wall-crossings of these theories. For our purpose, we will not really need
the full power of KS proposal but a corollary for the so-called semi-primitive cases.
One considers BPS bound states of the form γ(s) = γ1 + sγ2, where γ’s denote
electromagnetic charges of the states and we assume that γ1,2 are primitive, namely
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they are not integer multiple of other charge vector. Denoting Ωt,s ≡ ΩSW (tγ1+sγ2),
we have the wall-crossing formula for Ω1,s as a consequence of KS formula;
Ω1,0 +
∑
s≥1
∆Ω1,sy
s = Ω1,0
∏
s′≥1
(
1− (−1)s′〈γ1,γ2〉ys′
)±s′〈γ1,γ2〉Ω0,s′
. (5.13)
The Schwinger product of the charges 〈γ1, γ2〉 enters the exponents everywhere. When
only Ωt,0 and Ω0,s are nonzero on one side of the wall, this would determine Ω1,s =
∆Ω1,s completely on the other side of the wall.
This was first suggested by Denef and Moore [41] as a phenomenological formula.
It can also be derived from the KS formula, which shows how to fix the sign in the
last exponent in terms of the sign of the relative phase of the two central charges Z1
and Z2 on the side of the wall. We left the sign ambiguous since we will presently fit
this formula to the known spectrum where the correct sign appears quite obviously.
A further simplification results if we take Ω0,s = 0 for all but s = 1. As far as we
know, in all D = 4 N = 2 field theories, no non-primitive charge state has ever been
found as one particle states.#6 Then we have,
Ω1,0 +
∑
s≥1
Ω1,sy
s = Ω1,0
(
1− (−1)〈γ1,γ2〉y)±〈γ1,γ2〉Ω1,0 . (5.14)
Let us see how this fits with the known spectrum of dyons we discussed above.
Take for example the simplest L = 2. We will write the charge vectors as γ1 =
(e2 − e0; e1 − e0) and γ2 = (0; e1 − e0) so that
γ(s) = (e2 − e0; (s+ 1)e1 − (s+ 1)e0) . (5.15)
In terms of dyons whose degeneracy we saw earlier, this corresponds to L = 2,
n(1) = k = s + 1. One may be tempted to take γ1 = (e2 − e0; 0) but this state is
absent in this corner of moduli space and cannot be used as γ1.
From the knowledge of Ω1,0 = 1 and Ω0,1 = −2 (because it is a vector multiplet),
we find ∑
n≥0
ysΩ((e2 − e0; (s+ 1)e1 − (s+ 1)e0)) = (1 + y)±2 . (5.16)
With the negative sign in the exponent (which is something that can be checked
independently), we find
ΩSW ((e2 − e0;n(1)e1 − n(1)e0)) = (−1)n(1)−1n(1) , (5.17)
#6This is one notable difference from the supergravity countings, despite many other similarities.
We do not know of an explicit proof of this statement, although there were examples where this
absence was shown in some cases.
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after putting n(1) = s + 1 in the expression. It is clear that this procedure can be
repeated for more complicated dyons with L > 3 by taking γ2 = (ep − e0) for all
p = 1, . . . , L− 1, which results in
ΩSW ((eL − e0;
L−1∑
p=1
n(p)ep −
L−1∑
p=1
n(p)e0)) = (−1)
∑
(n(p)−1)
∏
p
n(p) , (5.18)
in precise accordance with the general index formulae computed in the low energy
dynamics approach. Now that we have some confidence in how wall-crossing formula
reproduce known spectra, let us move on to the flavored cases.
5.2 flavored dyons from wall-crossing formula
The actual dyons whose spectra was proposed to be equivalent to that ofD = 2 theory
are those that appear in SU(N + 1) Seiberg-Witten theory with N + 1 fundamental
hypermultiplets with masses mi’s. Furthermore, the comparison can be made only at
the root of the baryonic branch. Recall that well inside the baryonic branch, where
electric charges are screened, the vector mesons and massive hypermultiplets together
form a long multiplet. Let us denote them as
Wij, q
(j)
i , q˜
(i)
j , (5.19)
where q, q˜ are the two chiral multiplets of the hypermultiplets and are, respectively,
in the representations (N + 1, N + 1) and (N + 1, N + 1) under SU(N + 1)gauge ×
SU(N+1)flavor. Given the map (5.4), the correspondence between the flavored kinks
and D = 4 dyons are easy to see.
Let us first consider the simplest nontrivial case with L = 2. The kinks of topo-
logical and flavor charge#7
(T,Q) = (e2 − e0;n(e1 − e0)) , (5.20)
can be mapped to a monopole of charge (e2 − e0), which we denote by M20, bound
with n electrically charged particles which can be eitherW10 or q˜
(1)
0 . The other quark,
q˜
(0)
1 cannot bind to this monopole since it does not have the right dynamical charge.
Thus we find the following map,
(T,Q) = (e2 − e0;n(e1 − e0))←M20 + nW10 or M20 + (n− 1)W10 + q˜(1)0 . (5.21)
#7Although general flavored kink in this simple example would be more like
(T,Q) = (e2 − e0; k′(e2 − e0) + n(e1 − e0))
for any integer k′, we set k′ = 0 because it affects neither the marginal stability nor degeneracy, at
least in the leading order in 1/r. The same goes for L0-kink cases we later consider.
33
The quark cannot bind more than once due to the Pauli exclusion principle, although
this can also be deduced from the wall-crossing formula. See below.
In figuring out degeneracies of these dyons, one crucial information missing is
with what minimal electric charge the dyon actually exist as a hypermultiplet. In
this asymptotic corner and in the pure SU(N +1) case, we saw that M20+W10 is the
first such hypermultiplet. With flavors present, this need not be true anymore. In
fact the original conjecture on equivalence of D = 2 and D = 4 spectra relied heavily
on the fact that the two theories share the same spectral curve, suggesting that at
least hypermultiplet content of D = 4 theory should be faithfully reflected in D = 2
theories. This leads us to guess that the first hypermultiplet is the purely magnetic
bound state, M20, namely a magnetic monopole of charge e2− e0. Our objective here
is to reproduce the rest of BPS spectra from this single assumption.
We may naively repeat the analysis of the pure case. From the wall-crossing
formula, we deduce that∑
ysΩSW (M20 + sq˜
(1)
0 ) = 1 + y , (5.22)
which, as promised, shows that quarks can bind to a monopole at most once. Using
the wall-crossing formula one more time, we find
ΩSW (M20 + nW10) = (−1)n(n+ 1) ,
ΩSW (M20 + (n− 1)W10 + q˜(1)0 ) = (−1)n−1n .
Note that individual spectra of these dyons are rather nontrivial and come with high
angular momentum content. However, tt is intriguing that the sum of these two
indices is rather simple
ΩSW (M20 + nW10) + ΩSW (M20 + (n− 1)W10 + q˜(1)0 ) = (−1)n , (5.23)
and actually coincides with the D = 2 counting of flavored kinks, up to a sign.
More generally, for dyons with magnetic charge eL − e0, the relevant indices are
ΩSW (ML0 +
L−1∑
p=1
l(p)Wp0 +
∑
p′
q˜
(p′)
0 ) = (−1)
∑
l(p)
∏
(l(p) + 1) , (5.24)
where {p′} is a subset of {1, 2, . . . , L − 1}. The map to D = 2 flavored kink follows
the same rule as before; These dyons are mapped to flavored L0-kinks with p0-flavor
charges q(p) being equal to either n(p) = l(p) (when p 6= p′) or n(p′) = l(p′)+1. Summing
over the indices for fixed q(p) = n(p)’s, we find
∑
{p′}
(
L−1∏
p=1,p 6=p′
(−1)n(p)(n(p) + 1)
∏
p′
(−1)n(p′)−1(n(p′))
)
, (5.25)
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which is the same as
(−1)
∑
n(p)
L−1∏
p=1
((n(p) + 1)− n(p)) = (−1)
∑
n(p) . (5.26)
We thus find that under the proposed map (5.4), D = 2 indices equal precisely to
the sum of D = 4 indices of all corresponding dyons, possibly up to a sign.
Note that this cancellation among D = 4 indices, and the resulting match against
D = 2 index, is possible only upon very fine-tuned relationships among these dyons
with different quark contents.
6 Conclusion
In this paper, we reviewed D = 2N = (2, 2) QED with twisted masses, with emphasis
on BPS spectra in the large mass limit. With N + 1 chiral matter fields, one finds
BPS kink solutions endowed with U(1)N flavor charges, whose stability criteria mimics
those of D = 4 N = 2 dyons. In the classical limit, this also coincides with that of
open string web, or equivalently 1/4 BPS dyons ofN = 4 Yang-Mills theory, giving us
a pictorial way to determine the marginal stability walls. We quantized these solitons
to obtain degeneracies, which turned out to be unit for all such solitons. This result is
consistent with general wall-crossing behavior expected in D = 2 N = (2, 2) theories,
namely,
∆Ω(Z1 + Z2) = ±Ω(Z1)Ω(Z2) .
Wall-crossing of D = 2 topological kinks has been studied in depth where tt∗ equation
makes a prominent appearance. It would be very interesting to explore further how
this could be refined to situations with conserved charges (such as flavor charges)
other than topological charges.
We also compared the spectrum to the conjectured D = 4 counterpart, i.e., that
of the SU(N+1) Seiberg-Witten theories with N+1 massive fundamental hypermul-
tiplets, at the root of the baryonic branch. Due to the special nature of this point in
the moduli space, where the gauge symmetry and the flavor symmetry are locked, one
type of flavored kink is mapped to several different kind of dyons with different quark
contents. The degeneracies of the latter, as counted by the second helicity trace,
can be complicated and large unlike those of the kinks. However, this difference is
remedied miraculously once we sum over the indices of all the corresponding dyons
with different quark content, which gives at the end,
|Ω| = 1 = |
∑
dyons
ΩSW | , (6.1)
35
for each flavored kink that exists on the left hand side and for all the corresponding
dyons on the right hand side.
One cannot really say that spectra of the two theories are equivalent, since various
dyons that are mapped to one type of flavored kink will generally carry mutually
different electric and flavor charges. Note also that in this map only a subset of
D = 4 BPS dyons participate. A topological charge of a kink is always mapped to a
dual root of the gauge group; since general dyons may carry more general (magnetic)
weight that lie in the dual root lattice, there must be dyons that do not fit in this
correspondence. Given such obvious differences, the agreement (6.1) is all the more
remarkable.
The question of whether and how wall-crossing behaviors and indices of D = 2
theories and those of D = 4 theories might be related deserves further study. D = 4
wall-crossing received much attention lately, as we noted already, and some of math-
ematical tools there have uncanny resemblance to those of tt∗ equations. Whether
such a mathematical resemblance has anything to do with the present example is
unclear, but it still begs for a clarification. In particular, the partial agreement (6.1)
of D = 2 and D = 4 indices, despite vastly different BPS spectra with their different-
looking individual indices, needs to be understood better. In a recent study [42],
Gaiotto pointed out a relationship between surface operators in D = 4 N = 2 gauge
theories and D = 2 sigma model whose UV theory is N = (2, 2) QED with massive
chiral matters. It would be interesting to see what are the implications in the present
context.
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Appendix
A Miscellany
notations and conventions One convenient way to describe two-dimensional su-
persymmetric theories is to use the four-dimensional superspace formalism of Wess
and Bagger followed by a suitable dimensional reduction: let us compactify the four-
dimensional theories along x1, x2 directions so that chiral and anti-chiral spinors
ψα, ψ¯α˙ reduce to two-dimensional complex spinors(
ψ1, ψ2
) ≡ (ψ+, ψ−), (ψ¯1˙, ψ¯2˙) ≡ (ψ¯−, ψ¯+) . (A.1)
Here ± denote the charges under U(1)A R-symmetry, arising from the spatial rotation
in the compactified dimensions.
In addition to usual superfields with four supercharges such as vector and chiral
superfields, it is well-known that two-dimensional theories allow a so-called twisted
chiral superfield. The twisted chiral superfield Φˆ is defined as
D¯+Φˆ = D+Φˆ = 0 . (A.2)
Defining twisted fermionic coordinates θˆα = (θ+,−θ¯+), the twisted chiral superfield
has the following component field expansion
Φˆ = φˆ+
√
2θˆψˆ + θˆθˆFˆ . (A.3)
As a comment, the chiral/twisted chiral-multiplets are indeed in a mirror pair.
One peculiar example of such twisted chiral superfields is of the form
Σ = D+D¯+V , (A.4)
where V denote the vector multiplet. The component field expansions of the above
superfield Σ read
Σ =
(
A1 − iA2
)
+ 2iθ¯+λ+ + 2iθ+λ¯+ + 2θ+θ¯+
(
D + iF03
)
+ · · ·
= φˆ+
√
2θˆψˆ + θˆθˆFˆ (A.5)
with
φˆ = A1 − iA2, ψˆα = −
√
2i
(
λ+, λ¯+
)
, Fˆ = D + iF03 .
Using Σ, the Fayet-Iliopoulos term and topological θ-term can be combined as
LFI + Lθ = −Im
[
τ
∫
d2θˆ Σ
]
= rD − θ
2π
F03 , (A.6)
where τ = −ir + θ
2π
.
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covariant derivative Using the inhomogeneous parameterization zm of CPN , the
GLSM scalar fields can be expressed up to overall U(1) phase as
φ0 =
√
r
1 + z¯mzm
, φn =
√
r
1 + z¯mzm
zn . (A.7)
The U(1) gauge field Aµ (2.15) now in turn becomes
Aµ =
z¯m∂µz
m − ∂µz¯mzm
2i
(
1 + z¯mzm
) . (A.8)
The various covariant derivatives are then given by
Dµφ
0 = −
√
r
1 + z¯mzm
z¯m∂µzm
1 + z¯mzm
,
Dµφ
n = +
√
r
1 + z¯mzm
[
∂µz
n − z
n
(
z¯m∂µzm
)
1 + z¯mzm
]
. (A.9)
Inserting the above results back into the BPS equation (2.38), one can obtain (3.2).
energy for composite kinks For the composite kink solution, it needs much elab-
oration to massage the energy functional to sum of complete squares and boundary
terms. Since two mass parameters m10 and m20 are now parallel, let us set them
to be purely real without loss of generality. From the general expression of energy
functional (2.26), one can obtain
E =
∫
dx3
r(
1 + |z1|2 + |z2|2)2
[
(1 + |z1|2 + |z2|2)∣∣z¯2∂3z1 − z¯1∂3z2∣∣2
|z1|2 + |z2|2
+
∣∣z¯1∂3z1 + z¯2∂3z2∣∣2
|z1|2 + |z2|2 +m
2
10|z1|2 +m220|z2|2 +m212|z1|2|z2|2
]
=
∫
dx3
r(
1 + |z1|2 + |z2|2)2
[∣∣z¯1(∂3z1 −m10z1) + z¯2(∂3z2 −m20z2)∣∣2
|z1|2 + |z2|2
+
∣∣z¯2(∂3z1 −m10z1)− z¯1(∂3z2 −m20z2)∣∣2
|z1|2 + |z2|2
+
(
m10 +m12|z2|2
)
∂3|z1|2 +
(
m20 −m12|z1|2
)
∂3|z2|2
]
≥ r
1 + |z1|2 + |z2|2
(
m0 +m1|z1|2 +m2|z2|2
)∣∣∣∣
x
3=+∞
x
3=−∞
= rm20 . (A.10)
It implies that the composite kink saturating the bound has the same mass as the
simple (20)-kink solution.
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B Low energy dynamics of kinks
B.1 fermion zero mode counting with aligned masses
We begin by clarifying the number of fermionic zero modes in the simple kink back-
ground. Under the (20)-kink background, one can naturally define inner products of
χ1,2 as
〈χ˜1|χ1〉 =
∫
dx3
1
1 + e2|m20|x3
χ˜1†χ1 ,
〈χ˜2|χ2〉 =
∫
dx3
1(
1 + e2|m20|x3
)2 χ˜2†χ2 , (B.1)
from which the adjoints of D1,2 becomes
〈D(1,2)†χ˜1,2|χ1,2〉 = 〈χ˜1,2|D(1,2)χ1,2〉 . (B.2)
It will be shown that the redefined fermion fields η1,2
η1 =
1√
1 + e2|m20|x3
χ1 , η2 =
1
1 + e2|m20|x3
χ2 , (B.3)
are convenient to study their zero-modes in manifest normalizability. Then, one can
rewrite the fermion quadratic pieces in the sigma-model Lagrangian as
〈χ1,2|D(1,2)χ1,2〉 =
∫
dx3 η†1,2D
(1,2)η1,2 . (B.4)
One finds that the equations of motions for η1,2 can be simplified as
ωη1 ≡ D(1)η1 =
[
iτ 3∂3 − τˆm10 + τˆm20
( |z2|2
1 + |z2|2
)]
η1
ωη2 ≡ D(2)η2 =
[
iτ 3∂3 − τˆm20
(
1− 2|z
2|2
1 + |z2|2
)]
η2 . (B.5)
Inserting the explicit configuration of the kink solution, the above differential opera-
tors can be reduced to
D(1) = iτ 3∂3 − τˆm10 + τˆm20f(x3)
)
,
D(2) = iτ 3∂3 − τˆm20
(
1− 2f(x3)) (B.6)
with
f(x3) =
e2|m20|x
3
1 + e2|m20|x3
, ∂3f = 2|m20|f(1− f) ≥ 0 . (B.7)
39
V
(1)
+ (x
3)
V
(1)
−
(x3)
(a) (b)
x
3
V
(2)(x3)
x
3
Figure B.1: The profiles of the effective potentials (a) V
(1)
± (x
3) and (b) V (2)(x3) in
the case of |m20| > |m10|.
Assuming the alignment of phases of m10 and m20, it is then easy to show that,
for η1,
D(1)†D(1) = D(1)D(1)† =
[
− ∂23 + |m10|2 − 2|m10||m20|f + |m20|2f 2
]
14 + i∂3fτ
3τˆm20
≡ −∂23 + V (1)± (x3) , (B.8)
where the effective potentials are given by
V
(1)
± =
(|m10| − |m20|f)2 ± 2|m20|2f(1− f) , iτ 3τˆm20 .= ±|m20| . (B.9)
By definition, V
(1)
+ ≥ V (1)− always. The profile of the effective potentials V (1)± (x3) is
depicted in figure B.1 (a), where you can see their extremum and asymptotic values
are given by
V
(1)
+ min=
(|m20|2 − |m10|)2 + |m10|2 ,
{
V
(1)
+ (x
3 → −∞) = |m10|2
V
(1)
+ (x
3 → +∞) = (|m20| − |m10|)2 (B.10)
V
(1)
− max=−
2
3
|m20|
(|m20| − |m10|)− 1
3
|m20|2 ,
{
V
(1)
+ (x
3 → −∞) = |m10|2
V
(1)
+ (x
3 → +∞) = (|m20| − |m10|)2
from which one can show that D(1)D(1)†, D(1)†D(1) with iτ 3τˆm20 = +|m20| becomes
manifestly positive definite. It implies that there is no normalizable zero-modes for the
above chirality. For another chirality iτ 3τˆm20 = −|m20|, one can have a normalizable
zero-mode η
(1)
0
η10 =
e|m10|x
3
√
1 + e2|m20|x3
ǫ0 , iτ
3τˆm20ǫ0 = −|m20|ǫ0 ⇒ χ10 = e|m10|x
3
, (B.11)
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provided that |m20| ≥ |m10|.
Let us now in turn consider the Dirac operator for η2. One can again easily show
that
D(2)†D(2) = D(2)D(2)† =
[
− ∂23 + |m20|2
(
1− 2f)2]14 +
[
2|m20|f(1− f)
]
iτ 3τˆm20
=
{ −∂23 + |m20|2 for iτ 3τˆm20 .= +|m20|
−∂23 + |m20|2
(
1− 8f(1− f)) for iτ 3τˆm20 .= −|m20|
=
{ −∂23 + |m20|2 ≥ 0
−∂23 + V (2)(x3) , (B.12)
which implies that there is no nomarlizable zero-modes for the former chirality iτ 3τˆm20 =
|m20|. On the other hand, the effective potential V (2)(x3), depicted in figure B.1 (b),
has its minimum and asymptotic values like
V
(2)
min = −|m20|2 , V (2) → |m20|2 as x3 → ±∞ , (B.13)
from which one can expect a normalizable zero-mode η20 of chirality iτ
3τˆm20 = −|m20|
whose the explicit expression becomes
η20 =
1
cosh
[
|m20|x3
]ǫ0 ⇒ χ20 = e|m20|x3ǫ0 . (B.14)
B.2 the two-kink moduli space metric
As discussed in literatures, a general kink can decompose into several fundamental
kinks. Each of fundamental kink has two obvious collective coordinates, position and
phase. It implies that the moduli space of kinks is therefore toric Ka¨hler manifold.
For computational simplicity and concreteness, let us consider the present model
with m20 = 2m10 ≡ 2m. From (4.3), the metric components can read
g11¯ = 4
|ζ2|2
|ζ1|6
[
r
4m
F
(|ζ1|4/|ζ2|2)
]
g22¯ =
r
4m
1
|ζ2|2 +
|ζ1|2
|ζ1|6
[
r
4m
F
(|ζ1|4/|ζ2|2)
]
g12¯ = −2 ζ¯1ζ
2
|ζ1|6
[
r
4m
F
(|ζ1|4/|ζ2|2)
]
, (B.15)
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where F (x) is defined in Eqs. (4.4,4.5). Bosonic kinetic terms of interacting multi-
kinks therefore take the following form
Lkinboson = Lcom + Lrel ,
where
Lcom =
r
4m
∣∣∣dlogζ2∣∣∣2 , Lrel = r
4m
F
(|ζ1|4/|ζ2|2)
∣∣∣∣∣d ζ
2
ζ12
∣∣∣∣∣
2
. (B.16)
In the limit of |ζ
2|
|ζ1|2
→∞, Lrel is asymptotic to
Lrel ≃ r
4m
· π
4
∣∣∣∣d ζ1√ζ2
∣∣∣∣
2
. (B.17)
Note that the moduli space metric of interacting two-kinks (, or multi kinks in four-
dimensional N = 2 SQED) has been explored by David Tong [38], although our result
appears slightly different from his.
B.3 supersymmetric low energy dynamics with potential
For completeness, we present in this section a short review on supersymmetric nonlin-
ear sigma-model quantum mechanics with potential. Let us begin by the Lagrangian
which takes the following form
Lkin = 1
2
gIJ
[
∂0Φ
I∂0Φ
J + iΨID0Ψ
J
]
, (B.18)
where the covariant derivatives are
D0Ψ
I = ∂0Ψ
I + ∂0Φ
KΓIJKΨ
K . (B.19)
and the fermions are real. Since the kink solitons possess equal number of bosonic
and fermionic collective coordinate, this quantum mechanics is appropriate for the
The above Lagrangian has a real supersymmetry whose No¨ther charge is given by
Q = i
√
2gIJΨ
I∂0Φ
I . (B.20)
Once we quantize the system. the real fermion fields ΨI cab be represented as gamma
matrices ΓI {
ΨI ,ΨJ
}
= δIJ → ΨI .= 1√
2
ΓI . (B.21)
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It implies that the supercharge can be represented on the Hilbert space as the spinorial
Dirac operator
Q .= iΓI∇I = iΓI
(
∂I +
1
4
ωIABΓ
AB
)
. (B.22)
When the geometry has a restricted holonomy, the supersymmetry is enhanced. In
particular, for a Ka¨hler space such as our multi-kink moduli space, the supersymmetry
is enhanced to N = 2.
One may introduce to the above model a supersymmetry-preserving deformation
of the form
Ldef = −1
2
[
gIJG
IGJ + i∇IGJΨIΨJ
]
. (B.23)
One can show that the total Lagrangian L = Lkin + Ldef is invariant under a super-
symmetry whose No¨ther charge is deformed as
Q =
√
2ΨI
[
igIJΦ˙
J +GI
]
. (B.24)
After canonical quantization, demanding the Jacobi identity for the deformed super-
charge tells us that GI in fact turns out to be a Killing vector field[Q,{Q,Q}] = 0 → ∇IGJ +∇JGI = 0 . (B.25)
When the manifold is Ka¨hler with the complex structure J , N = 2 supersymmetry
remain consistent with introduction of G provided that G is not only Killing but also
holomorphic,
LGJ = 0 . (B.26)
One can split
{Q,Q} into two conserved quantities as{Q,Q} = 4(H−Z) , (B.27)
where H and Z denote Hamiltonian and central charge
H = 1
2
gIJ
[
∂0Φ
I∂0Φ
J +GIGJ
]
+
i
2
∇IGJΨIΨJ ,
Z = GI∂0ΦI − i
2
∇IGJΨIΨJ . (B.28)
Note here that the positive energy BPS states of real supersymmetry then preserve
all the supercharges of the moduli space dynamics. As a final comment, the deformed
supercharge now in turn can be represented as
Q .= ΓI(i∇I +GI) (B.29)
since we may view the wavefunctions as sections of the spinor bundle over the moduli
space.
43
References
[1] N. Seiberg and E. Witten, “Monopole Condensation, And Confinement In N=2
Supersymmetric Yang-Mills Theory,” Nucl. Phys. B 426, 19 (1994) [Erratum-
ibid. B 430, 485 (1994)] [arXiv:hep-th/9407087].
[2] F. Ferrari and A. Bilal, “The Strong-Coupling Spectrum of the Seiberg-Witten
Theory,” Nucl. Phys. B 469, 387 (1996) [arXiv:hep-th/9602082].
[3] A. Bilal and F. Ferrari, “Curves of Marginal Stability and Weak and Strong-
Coupling BPS Spectra in N = 2 Supersymmetric QCD,” Nucl. Phys. B 480, 589
(1996) [arXiv:hep-th/9605101].
[4] E.J. Weinberg and P. Yi, “Magnetic Monopole Dynamics, Supersymmetry, and
Duality,” Phys. Rept. 438, 65 (2007) [arXiv:hep-th/0609055].
[5] A. Mikhailov, N. Nekrasov and S. Sethi, “Geometric Realizations of BPS States
in N = 2 Theories,” Nucl. Phys. B 531, 345 (1998) [arXiv:hep-th/9803142].
[6] O. Bergman, “Three-Pronged Strings and 1/4 BPS States in N = 4 Super-Yang-
Mills Theory,” Nucl. Phys. B 525, 104 (1998) [arXiv:hep-th/9712211].
[7] K.M. Lee and P. Yi, “Dyons in N = 4 Supersymmetric Theories and Three-
Pronged Strings,” Phys. Rev. D 58, 066005 (1998) [arXiv:hep-th/9804174].
[8] D. Bak, C.K. Lee, K.M. Lee and P. Yi, “Low Energy Dynamics for 1/4 BPS
Dyons,” Phys. Rev. D 61, 025001 (2000) [arXiv:hep-th/9906119].
[9] D. Bak, K.M. Lee and P. Yi, “Quantum 1/4 BPS dyons,” Phys. Rev. D 61,
045003 (2000) [arXiv:hep-th/9907090].
[10] J.P. Gauntlett, N. Kim, J. Park and P. Yi, “Monopole Dynamics and BPS
Dyons in N = 2 Super-Yang-Mills Theories,” Phys. Rev. D 61, 125012 (2000)
[arXiv:hep-th/9912082].
[11] A. Ritz, M.A. Shifman, A.I. Vainshtein and M.B. Voloshin, “Marginal Stabil-
ity and the Metamorphosis of BPS States,” Phys. Rev. D 63, 065018 (2001)
[arXiv:hep-th/0006028].
[12] P.C. Argyres and K. Narayan, “String Webs from Field Theory,” JHEP 0103,
047 (2001) [arXiv:hep-th/0101114].
[13] F. Denef, “Supergravity Flows and D-brane Stability,” JHEP 0008, 050 (2000)
[arXiv:hep-th/0005049].
[14] D. Gaiotto, G.W. Moore and A. Neitzke, “Four-dimensional Wall-crossing via
Three-dimensional Field Theory,” arXiv:0807.4723 [hep-th].
[15] D. Gaiotto, G.W. Moore and A. Neitzke, “Wall-crossing, Hitchin Systems, and
the WKB Approximation,” arXiv:0907.3987 [hep-th].
44
[16] M. Kontsevich and Y. Soibelman, “Stability Structures, Motivic Donaldson-
Thomas Invariants and Cluster Transformations” arXiv:0811.2435 [math.AG].
[17] S. Cecotti and C. Vafa, “BPS Wall Crossing and Topological Strings,”
arXiv:0910.2615 [hep-th].
[18] T. Dimofte and S. Gukov, “Refined, Motivic, and Quantum,” arXiv:0904.1420
[hep-th].
[19] M. Stern and P. Yi, “Counting Yang-Mills Dyons with Index Theorems,” Phys.
Rev. D 62, 125006 (2000) [arXiv:hep-th/0005275].
[20] F. Denef, “Quantum Quivers and Hall/hole Halos,” JHEP 0210, 023 (2002)
[arXiv:hep-th/0206072].
[21] S. Cecotti, P. Fendley, K.A. Intriligator and C. Vafa, “A New Supersymmetric
Index,” Nucl. Phys. B 386, 405 (1992) [arXiv:hep-th/9204102].
[22] S. Cecotti and C. Vafa, “On Classification of N = 2 Supersymmetric Theories,”
Commun. Math. Phys. 158, 569 (1993) [arXiv:hep-th/9211097].
[23] S. Cecotti and C. Vafa, “Topological antitopological fusion,” Nucl. Phys. B 367,
359 (1991).
[24] N. Dorey, “The BPS Spectra of Two-dimensional Supersymmetric Gauge Theo-
ries with Twisted Mass Terms,” JHEP 9811, 005 (1998) [arXiv:hep-th/9806056].
[25] N. Dorey, T.J. Hollowood and D. Tong, “The BPS Spectra of Gauge Theories in
Two and Four dimensions,” JHEP 9905, 006 (1999) [arXiv:hep-th/9902134].
[26] A. Hanany and K. Hori, “Branes and N = 2 Theories in Two Dimensions,”
Nucl. Phys. B 513, 119 (1998) [arXiv:hep-th/9707192].
[27] A. Hanany and D. Tong, “Vortex Strings and Four-dimensional Gauge Dynam-
ics,” JHEP 0404, 066 (2004) [arXiv:hep-th/0403158].
[28] M. Shifman and A. Yung, “Non-Abelian String Junctions as Confined
Monopoles,” Phys. Rev. D 70, 045004 (2004) [arXiv:hep-th/0403149].
[29] D. Tong, “TASI lectures on solitons,” arXiv:hep-th/0509216.
[30] M. Shifman and A. Yung, “Supersymmetric Solitons and How They Help Us
Understand Non-Abelian Gauge Theories,” Rev. Mod. Phys. 79, 1139 (2007)
[arXiv:hep-th/0703267].
[31] D. Tong, “Quantum Vortex Strings: A Review,” Annals Phys. 324, 30 (2009)
[arXiv:0809.5060 [hep-th]].
[32] M. Shifman, A. Vainshtein and R. Zwicky, “Central Charge Anomalies in 2D
Sigma Models with Twisted Mass,” J. Phys. A 39, 13005 (2006) [arXiv:hep-
th/0602004].
45
[33] S. Olmez and M. Shifman, “Curves of Marginal Stability in Two-Dimensional
CP(N-1) Models with ZN -Symmetric Twisted Masses,” J. Phys. A 40, 11151
(2007) [arXiv:hep-th/0703149].
[34] D. Tong, “The Moduli Space of BPS Domain Walls,” Phys. Rev. D 66, 025013
(2002) [arXiv:hep-th/0202012].
[35] L. Alvarez-Gaume and D. Z. Freedman, “Kahler Geometry And The Renormal-
ization Of Supersymmetric Sigma Models,” Phys. Rev. D 22, 846 (1980).
[36] J.P. Gauntlett, C.J. Kim, K.M. Lee and P. Yi, “General Low Energy Dynamics
of Supersymmetric Monopoles,” Phys. Rev. D 63, 065020 (2001) [arXiv:hep-
th/0008031].
[37] F. Denef and G.W. Moore, “Split States, Entropy Enigmas, Holes and Halos,”
arXiv:hep-th/0702146.
[38] D. Tong, “The Moduli Space of BPS Domain Walls,” Phys. Rev. D 66, 025013
(2002) [arXiv:hep-th/0202012].
[39] L. Alvarez-Gaume and D. Z. Freedman, “Kahler Geometry And The Renormal-
ization Of Supersymmetric Sigma Models,” Phys. Rev. D 22, 846 (1980).
[40] J.P. Gauntlett, C.J. Kim, K.M. Lee and P. Yi, “General Low Energy Dynamics
of Supersymmetric Monopoles,” Phys. Rev. D 63, 065020 (2001) [arXiv:hep-
th/0008031].
[41] F. Denef and G.W. Moore, “Split States, Entropy Enigmas, Holes and Halos,”
arXiv:hep-th/0702146.
[42] D. Gaiotto, “Surface Operators in N=2 4d Gauge Theories,” arXiv:0911.1316
[hep-th].
46
